The dimension of the tangent space to the global infinitesimal deformation functor of a curve together with a subgroup of the group of automorphisms is computed with the aid of equivariant cohomology. The computational techniques we developed are applied to the case of the Fermat curves.
Introduction
Aim of this paper is the study of equivariant equicharacteristic infinitesimal deformations of a curve C of genus g, admitting a group of automorphisms. This paper is the result of my attempt to understand the works of J.Bertin and A.Mézard [1] and G. Cornelissen and F. Kato [2] .
Let X be an algebraic curve, defined over an algebraically closed field of characteristic p ≥ 0. The infinitesimal deformations of the curve X, without considering compatibility with the group action, correspond to directions on the vector space H 1 (X, T X ), which constitutes the tangent space to the infinitesimal deformation functor of curves at the curve X. All possible directions give rise to unobstructed deformations, since X is one-dimensional and the second cohomology vanishes.
In the study of deformations together with the action of a subgroup of the automorphism group, the tangent space of the functor of infinitesimal deformations with the group action is given by Grothendieck's [5] equivariant cohomology theory, as [1] and [2] proved independently. The tanged space of the infinitesimal deformation functor, in this case is given by H 1 (X, G, T X ) and the wild ramification points contribute to the dimension of the tangent deformation problem and also posed several lifting obstructions, related to the theory of deformations of Galois representations.
The authors of [1] , after proving a local-global principle, focused on infinitesimal deformations in the case G is cyclic of order p and considered liftings to characteristic zero, while the authors of [2] consider the case of deformations of ordinary curves with arbitrary automorphism group. The ramification groups of automorphism groups acting on ordinary curves have a special ramification filtration, i.e., the p-part of every ramification group is an elementary Abelian group, and this makes the computation possible, since an elementary Abelian group extension is given as an Artin-Screier extension and the action is given explicitly.
In this paper we consider an arbitrary curve X with automorphism group G. By the theory of Galois groups of local fields, the ramification group at every wild ramified point, can break to a sequence of extensions of elementary Abelian groups.
We will use this decomposition, together with the spectral sequence of Lyndon-Hochschild-Serre in order to reduce the computation to a computation involving elementary Abelian groups.
The dimension of the tangent space of the deformation functor, depends on the group structure of the extensions that appear in the series decomposition of the ramification group. We are able to give lower and upper bounds of the dimension of the tangent space of the deformation functor, provided that at each stage the abelian extension does not have conductor of order divisible by the characteristic. For the bounds we provide we are able to prove that the lower bound is attained when every subextension in the decomposition series of the local p-group is split. The upper bound is asymptotically best possible in a sense described in (18) .
In section 6 we give an explicit description of derivations that determine cohomology classes in the tangent space for the case of elementary abelian groups with conductor greater than one.
Finally, the computational techniques we developed are applied to the case of Fermat curves with large automorphism group.
It is proved in [1] , using the criteria of Schlessinger [12] , that the deformation functor has a pro-representable hull. The hull of the global deformation functor is known if the subgroup of the automorphism group is a cyclic group [1] or if the curve is ordinary [2] .
The study of the hull, and the computation of its Krull dimension, involves the study of lifting obstructions and this will the subject of a forthcoming paper.
Global and Local Deformations
For the sake of completeness we give the description of the global and local deformation functor. Let k be an algebraic closed field field of characteristic p ≥ 0. We consider the category C of local Artin k-algebras with residue field k.
Let (X, G) be the couple, consisting of a smooth curve X, defined over the field k, and let G be a subgroup of the group of automorphisms of X. A deformation of the couple (X, G) over the Artin ring A is a family of curves X → Spec(A) parametrized by the base scheme Spec(A), such that there is a G-equivariant isomorphism φ from the fibre over the closed point of A to the original curve X:
Two deformations X 1 , X 2 are considered to be equivalent if there is an A-isomorphism, compatible with the G-action.
The global deformation functor is defined:
) of the global deformation functor is expressed in terms of Grothendieck's equivariant cohomology, that combines the construction of group cohomology and sheaf cohomology. We recall quickly the definition of equivariant cohomology theory: We consider the covering map π : X → Y = X/G. For every sheaf F on X we denote by π G * (F ) the sheaf
The category of (G, O X )-modules, is the category of O X -modules that also have a G-module structure. We can define two left exact functors in the category of O X -modules, namely π G * and Γ G (X, ·), where Γ G (X, F ) = Γ(X, F ) G . The derived functors R q π G * (X, G) of the first functor are sheaves of modules on Y , and the derived functors of the second are groups H q (G, F ) = R q Γ G (X, F ). J. Bertin and A. Mézard in [1] proved the following Theorem 2.1. Let x i be the wild ramified points on X. The tangent space t D gl to the global deformation is given in terms of equivariant cohomology as t D gl = H 1 (X, G, T X ). The lifting obstructions are cohomology classes in H 2 (G, T X ). Moreover the following sequence is exact:
and
The above theorem gives a decomposition of the tangent space of the global deformation functor, to tangent vectors that induce trivial deformations of the local rings at ramification points, and local deformations of representations of the wild ramification groups at the local rings of the points.
Let b 1 , ..., b r be the ramification points of the cover X → X/G, and assume that the ramification filtration at each ramification point b k is given by
n k > 1, We will prove in 5 that the dimension of the first factor in (1) is given by
For the dimension of H 0 (X/G, R 1 π G * (T X )) we will compute a bound that depends on the group structure of the ramification groups. Let k[[t]] be the formal power ring with coefficients in the algebraic closed field k of characteristic p ≥ 0. The local deformation functor, is related with the problem of lifting representations. We consider a faithful representation ρ : We define the local deformation functor, from the category C of local Artin algebras over k, to sets by The local and global deformation functors given above are not necessarily representable. J. Bertin and A. Mézard in [1] have shown that there exist a prorepresentable hull, i.e. a pro-representable functor D R together with a smooth morphism of functors ξ : D R → D.
The global deformation problem is reduced to the local deformation problem by the following proposition [1]: Proposition 2.2. Let y 1 , ..., y r ∈ Y be the images of wild ramified points in the cover X → Y , and select one point x i above each y i . Let G xi be the subgroup of G, that stabilizes x i and,Ô X,xi ∼ = k[[t]], the completion of the local ring at x i . To every point x i corresponds a representation of the ramification group G xi to the complete local ring O X,xi . We denote by D loc the product of all local deformation functors corresponding to points x i . Then there is a smooth map of functors φ : D gl → D loc , the global deformation problem admits a versal deformation ring R gl and if R i are the versal deformation rings of the deformation problems at points x i , then
Moreover there are no obstructions at the level of curves liftings, therefore there are only obstructions at the level of lifting representations.
Local Deformations
In this section we are concerned with the local deformation functor. Let A be a local Artin k-algebra. The k-algebra A can be decomposed as a direct sum of k-vector spaces as A = k ⊕ m A . Every automorphism in Aut(k[[t]]) is given in terms of power-series
where a i ∈ k. According to the above decomposition of A, the coefficients a i can be considered as elements in A, hence σ can be considered as an element in AutA [[t] ]. This proves that the reduction map
is surjective. A small extension is a surjective map φ : A ′ → A of local Artin k-algebras, such that the kernel of φ is a principal ideal, and m A ′ · ker(φ) = 0. Let t be the generator of ker(φ). Since A ′ is a local ring, t ∈ m s A ′ for a suitable power of the maximal ideal. Thus t 2 = 0. The kernel is by definition the principal ideal generated by t, i.e.,
Moreover, there is a decomposition of k-vector spaces
According to the above decomposition, two elements a i + b i t where a i ∈ A and b i t ∈ ker(φ) are multiplied as follows
As in the case of liftings from k to A we can consider liftings from A to A ′ . We can define the short exact sequence
for every small extension A ′ → A. 
The composition is (notice that t 2 = 0)
i.e., the desired result.
Remark 3.3. We can define the local Artin rings of i-th order deformations by
The projections A i+1 → A i are small extensions and the kernel is generated by x i . The groups Π Ai+1,Ai = Id + x i * form a sequence similar in nature with the ramification filtration of the ramification groups.
Let A ′ → A be a small extension. We consider the diagram
The representation ρ can be lifted to A ′ if and only if the fibre product E A ′ ,A is a semidirect product. Let γ ∈ H 2 (Aut(A[[t]]), Π A ′ ,A ) be the cohomology class corresponding to the first row group extension. The second row splits if and only if ρ * (γ) = 0. Suppose that the representation can be lifted, i.e., E A ′ ,A is a semidirect product. Every automorphism of E A ′ ,A that stabilizes Π A ′ ,A and G, modulo automorphisms coming out by conjugations with elements from Π A ′ ,A , correspond to the cohomology group H 1 (G, Π A ′ ,A ).
For liftings of representations to the ring of dual numbers, the corresponding cohomology group is H 1 (G, Π k[ǫ],k ) and this gives the tangent space of the local
In order to describe the tangent space of the local deformation space we will to compute first the space of tangential liftings, i.e., the space
This problem is solved when G is a cyclic group of order p, by J.Bertin and A. Mézard [1] and if the original curve is ordinary by G. Cornelissen and F. Kato in [2] .
We will imply the classification of groups that can appear as Galois groups of local fields in order to reduce the problem to elementary Abelian group case.
3.1.
Description of the ramification Group. The finite groups that appear as Galois groups of a local field k((t)), where k is algebraically closed of characteristic p are known [13] .
Let L/K be a Galois extension of a local field K with Galois group G. There is the ramification filtration of G,
such that G 0 /G 1 is a cyclic group of order prime to the characteristic, G 1 is p-group such that G i /G i+1 is an elementary Abelian group. If k is of characteristic zero then the above classification gives the known result that ramification groups are cyclic and the extension locally is given by z → z n . If a curve is ordinary then by [11] the ramification filtration is short, i.e., G 2 = {1}, and this gives that G 1 is an elementary Abelian group.
Lyndon-Hochschild-Serre Spectral Sequences
In [7] , Hochschild and J.P. Serre considered the following problem: Given the short exact sequence of groups
and a G-module A, how are the cohomology groups
They gave an answer to the above problem in terms of a spectral sequence.
For small values of i this spectral sequence gives us the low degree terms exact sequence:
If A is a trivial K-module then H 1 (K, A) can be identified with Hom(K, A) and the transgression map tg :
is given in terms of the cup product with respect to the pairing
where c is the cohomology class in
In this section we will try to determine the kernel of the transgression map. Case A. Suppose that A is a trivial K-module. The transgression map is the map
By proposition [17, 4-3-6] since we are cupping with a 0-cohomology class, the above cup product is given by
sending σ mod[K, K] to f (σ), and (θ f ) * is the induced map on cohomology groups.
More precisely, let us denote by
We have the following sequence of G/K-modules:
which induces the long exact sequence on cohomology groups
By exactness, the kernel of (θ f ) * is the image of H 2 (G/K, K f ). The computation of the kernel of the transgression depends on the group structure of G. If the equation (6) splits then obviously the transgression map is identically zero. Case B Reduction to the trivial K-module case In this case we consider the K-module A with non-trivial K-action. By tensoring over the group ring Z[K] with Z we arrive at the Z-module
Moreover the tensor product
gives rise to a cup product on the cohomology groups
More precisely, we consider the following spectral sequences
The pairing in (7) induces a cup product ∪ among the terms of the above spectral sequences. Let α ∈ H 1 (K, A) G/K = E ′0,1 2 and let ν ∈ E ·0,0 2 = Z. We consider the cup product
where∪ is the cup product introduced in case A. On the other hand
is in the kernel of the transgression then obviously −(a ∪ ν)∪c = 0 for all ν ∈ Z. We would like to have a similar result without the trivialization. By proposition [17] [4-3-6] cupping with respect to a G-pairing by a 0-dimensional cohomology class is the same as applying an induced map to cohomology groups. Hence
where η ν is the map
We will consider the above map for ν = 1. The kernel of η 1 is the Z-module A 1 generated by elements of the form gb − b for g ∈ K and b ∈ A. If we restrict η 1 to
) be a local field together with a group G acting on it and let K be a normal subgroup of G such that v L (σ(t) − t) ≥ i + 1, for all σ ∈ K, and consider a fractional ideal A = t a k[[t]] of L. Assume that the action of the quotient group G/K on the cohomology groups H i (K, N ) is trivial for every K-module N . If the short exact sequence (6) splits then the transgression map tg :
Proof. The trivialization A K of A is the Z-module obtained by factoring out of A the abelian group A 1 generated by elements of the form ga − a, where a ∈ A. We consider the Z-module M obtained by M := A/A ′ , where A ′ is the fractional ideal generated by elements of the form gα − α, α ∈ A. By the definition of K, the fractional ideal is given:
Hence, the valuations of elements σ(α)−α for α ∈ A are ≥ a+i. By definition of M = A/A ′ we see that it is K-invariant, and moreover there is an epimorphism φ that makes the following diagram commutative
The quotient module M is a finite generated k-vector space with basis {t a , ..., t a+i−1 }. Assume that
so the G/K action on M is seen only in k-vector space generated by t a+i−1 .
Let Π be the kernel of the map A K → M . Since the K-invariant functor is right-exact we have Π = (A ′ ) K . We form the following commutative diagram with exact rows:
Since M is a trivial K-module and the short exact sequence (6) splits, the map tg M is identically zero. Assume that tg A is not identically zero, i.e., there is a class α ∈ H 1 (K, A) such that tg A (α) = 0. By commutativity of the diagram α ∈ ker(f 2 ) and tg A (α) ∈ ker(i). Then, the exactness of the rows implies that α = f 1 (β) for some β ∈ H 1 (K, A ′ ) and tg A ′ is also not identically zero.
, and by repeating the above procedure, we see that a representative derivation of the class α is a derivation 
We will approach the cohomology group H 1 (G, T O ) using the filtration sequence given in (3) and the low degree terms of the Lyndon-Hochschild-Serre spectral sequence.
We consider the set of indices
For this sequence it is known that t i ≡ t j modp [13, Prop. 10 p. 70]. The low degree term sequence gives:
If G n−1 = G n , then the above sequence implies that
Thus, we can restrict our study to exact sequences of the form
Lemma 4.3. In the exact sequence (8) ,
Proof. Let m be the maximal ideal of O. We can define [13, Prop. 7 p.67,Prop 9 p. 69] injections
with the property
If σ ∈ G tj ⊂ G 1 then θ 0 (σ) = 1 and since θ i is an injection, the above equation implies that στ σ −1 = τ . Therefore, the conjugation action of an element τ ∈ G i /G i+1 on G j is trivial, and the result follows.
The study of the cohomology group H 1 (G, T O ) can be reduced to the study of the cohomology groups H 1 (V, T O ), where V is an elementary Abelian group. Elementary Abelian extensions have the advantage that the extension and the corresponding actions have an relatively simple explicit form: 
Moreover, if n ≡ 0 modp then we can select a uniformization parameter of the local field L such that the automorphism σ v acts on t as follows:
Proof. By the characterization of Abelian extensions in terms of Witt vectors, [8, 8.11] we have that f (1/y) = 1/x n , where f is an additive polynomial of degree s. Moreover the Galois group can be identified with the vector space V of roots of f , sending σ v : y → y 1+vy . The filtration of the ramification group G is given by
hence v L (y) = n, i.e., y = ǫt n , where ǫ is a unit in O L and t is the uniformization parameter in O L . If p ∤ n and k is an algebraically closed field, Hensel's lemma implies that every unit in O L is an n-th power, therefore we might select the uniformization parameter t such that y = t n .
From now on we will assume that the jumps in the ramification filtration occur at integers not divisible by p.
The arbitrary σ v ∈ Gal(L/K) sends t n → t n 1+vt n , so by computation dσ v (t) dt = 1
(1 + vt n ) n+1 n Lemma 4.5. Let σ v ∈ Gal(L/K). The corresponding action on the tangent space T O is given by
Proof. We have that dσ −1 (t) Let O = O L , we will now compute the space of "local modular forms" T O Gt i for all i ≥ 1. Using the description of the action in lemma 4.5 we see that T O is isomorphic to the space of Laurent polynomials of the form {f (t)/t n+1 : f (t) ∈ O}, and the isomorphism is compatible with the G n -action. Indeed, for every f (t) d dt ∈ T O , the map sending
On the other hand, a simple computation with the defining equation of the Galois extension L/K shows that
therefore the space T O Gn is the O K -module consisted of elements of the form
By induction, the above computation can be extended to the following:
Proposition 4.6. For every group G ti in the ramification filtration i ≥ 0 (by definition G t0 = Id) let k((π i )) be the local field L Gt i , and let n i be the conductor of the elementary Abelian group
where µ 0 = 0 and µ i = n i + 1 + µi−1−ni−1
Let k((t))/k((x)) be a cyclic extension of local fields of order p, such that the maximal ideal xk[[x]] is ramified completely in the above extension. For the ramification groups G i we have
Hence, the different exponent is computed d = (n + 1)(p − 1). Let E = t a k[[t]] be a fractional ideal of k((t)). ]. The cohomology of cyclic groups is 2-periodic and J. Bertin and A. Mézard in [1] , proved that
Corollary 4.7. Let G = H 1 × H 2 be a direct product of groups H 1 , H 2 , and H 2 is cyclic. The following sequence is exact:
Proof. The above extension splits and by definition of the direct product the conjugation action of H 2 on H 1 is trivial. The desired result follows by proposition 4.2
] be a fractional ideal of the local field k((t)). Assume that H = ⊕ s ν=1 Z/pZ is an elementary Abelian group with ramification filtration
By induction on the number of direct summands and the previous corollary we can prove the following formula:
, where x is a local uniformizer for the ring of integers of k((t)) Z/pZ .
The modules A ⊕ i−1 ν=1 Z/pZ can be computed recursively:
where π i is a uniformizer for the local field k((t)) ⊕ i−1 ν=1 Z/pZ and a i = ai−1 p , a 1 = a.
In order to compute the dimensions of the direct summands H 1 (Z/pZ, A ⊕ i−1 ν=1 Z/pZ ), for various i we have to compute the ramification filtration for the groups defined as H(i) = H ⊕ i−1 ν=1 Z/pZ . The lower ramification filtration is in general not compatible with taking quotients while the upper ramification filtration is compatible [13, p. 74] . But in our case the function φ defined for positive integers by [13, p. 73] 
is the identity, so the upper and the lower ramification filtrations are the same. So the ramification filtration for the groups H(i) are
Thus, the dimension of H 1 (A, H) can be computed as
4.2. Transgretion when G/K is elementary Abelian. Assume now that G/K is an elementary Abelian group. We will reduce the study of the kernel of the transgression to the study of the cyclic case. Namely we will prove the following: 
which gives rise to an exact low term Lyndon-Hochschild-Serre sequence. Denote by d i the corresponding transgression map:
The kernel of the global transgression map is
For every H i the sub-extension group G i is defined in terms of the following diagram with exact rows:
For an element α ∈ H 2 (K, A) ⊕Hi with tg(α) = 0 the commutativity of the diagram implies that d i (α) = 0, thus ker tg ⊂ ker d i . On the other hand H 1 (K, A) ⊕Hi = ∩H 1 (K, A) Hi , and ∩ ker d i ⊂ ker tg.
For the dimension κ ti = dim k ker tg :
of the kernel of the transgression map the following formula holds:
We have seen that if all short exact sequences in (15) split, then
We have seen that in the split case the kernel of the transgression map is zero. This need not happen if the extension is not split as the following example shows: Example: Let 
for some positive integers i 0 , i 1 , and G i0+1 ∼ = Z/pZ. For the Galois groups we have the following non-split short exact sequence
Since Gal(M/N ) is one of the groups appearing in the ramification filtration, the differents of the extensions L/N, L/M, M/N have exponents respectively [13, p.64,p.76]:
]. Let K = Gal(M/N ). We will show that the transgression map in this case is monomorphism or equivalently that H 1 (G,
On the other hand
By comparison of dimensions we see that the transgression map is not identically zero. Moreover if we select the extension so that i 1 = 1 and i 0 = p n we see that the upper bound given in (17) is asymptotically best possible in the sense that
Proposition 4.9. Let G be the Galois group of the extensions of local fields L/K, with ramification filtration
For the dimension of H 1 (G, T O ) the following bound holds:
. The left bound is best possible in the sense that there are ramification filtrations such that either the first inequality becomes equality.
Proof. Using the low-term sequence in (5) we obtain the following recursive formula for i ≥ 1:
where δ ti = dim k H 1 (G ti , T O ) and κ ti is defined in (16) . Therefore:
By continuing the same way we prove that
Therefore, by setting
Notice that δ t1 = dim k H 1 (G n , T O ) can be computed explicitly since it is an elementary abelian group.
The group G fits in the following exact sequence
where G/G 1 is a cyclic group of order prime to p with the p-group G 1 . By Schur-Zassenhauss [16, Th. 6.6.9] theorem the above extension splits, hence the transgression map is zero, and
The cohomology groups H i (G/G 1 , T O G1 ) = 0 [2, 3.2], therefore there is contribution to the cohomology only by the p-group G 1 and
Remark 4.10. If n = 1, i.e. G 2 = {1} then the left hand side and the right hand of (19) are equal and the bound becomes the formula in [2] . Remark 4.11. All dimensions of cohomology groups that appear in the bound of proposition 4.9 can be made explicit with the aim of proposition 4.6 and by (13) .
Global Computations
We consider the Galois cover of curves π : X → Y = X/G, and let b 1 , ..., b r be the ramification points with i-th ramification groups at a point b k of orders
n k > 1 Let D be the ramification divisor on X, it is a divisor supported at the ramification points b 1 , ..., b r and equals to
Let Ω 1 X , Ω 1 Y be the sheaves of holomorphic differentials at X and Y respectively. The following formula holds [6, IV. 2.3] :
Y ) and by taking duals
Therefore, the global contribution to H 1 (G, T X ) is given by
and by Riemann-Roch formula
On the other hand the local contribution can bounded by proposition 4.9 and this gives the desired result.
Explicit Computations
So far we have computed the dimensions of the tangent space to the local deformation functor. We will now try to make this vector space explicit using similar techniques as in [2] . We will need the following Proposition 6.1. Let a be a p-adic integer. The binomial coefficient a i is defined for a as usual:
and it is also a p-adic integer [4, Lemma 4.5.11] . Moreover, the binomial series is defined
Let i be an integer and let Proof. The only think that needs a proof is the criterion of the vanishing of the binomial coefficient modp. If a is a rational integer, then this is a known theorem due to Gauss [3, Prop. 15.21] . The result follows by comparison of the coefficients modp of the expression
and of the binomial expansion in 22.
We start by considering deformations of the cyclic group Z/pZ. On the level of power-series we observe that the action on every element We consider the short exact sequence
where M is the free k-module with basis { d dt , t d dt , ..., t n d dt }. The Z/pZ-action on the k-module M , with respect to the above basis, is given in the following (n+1)×(n+1) matrix form:
By applying the functor of Z/pZ-invariants on (23) we obtain the following long exact sequence:
The space H 0 (Z/pZ, M ) is the space of invariant elements in M , under the matrix action defined in (24) and it is computed
On the other hand T O (n + 1) is Z/pZ-isomorphic to O thus
and the dimension of this space was computed in (11) , (14):
We will now compute the dimension of Thus, if p = 2 then condition (26) does not imply any restriction while if p = 2 it implies the condition a 0 (σ) = 0 if 2 = p ∤ n + 1. By computation we see that condition (27) is equivalent to
while the cocycle conditions imply
If p ∤ n+1 then (28) is equivalent to a 0 (σ v ) = va 0 , where a 0 is a constant independed of σ. If p | n + 1 then (28) does not give any new information. We summarize to
dσ v = va 0 + a 1 (v)t + a 2 (v)t 2 + · · · + a n t n if p = 2, p ∤ n + 1 dσ v = a 0 (v) + a 1 (v)t + a 2 (v)t 2 + · · · + a n t n if p = 2, p | n + 1 dσ v = a 1 (v)t + a 2 (v)t 2 + · · · + a n t n if p = 2, 2 ∤ n + 1
, where a i ∈ Hom Fp (G, k) = Hom Fp (G, F p ) ⊗ k for i ≥ 1. Therefore
We proceed now to the computation of coboundaries
Coboundaries are of the form:
We observe that the quotient of cocycles modulo coboundaries implies relations only for the coefficients in t n . We can therefore write
where A(G, M ) consists of cocycles with a n = 0 and B(G, M ) consists of cocycles of the form a 0 = .... = a n−1 = 0. Therefore,
if p = 2, p ∤ n + 1 n + 1 if p = 2, p | n + 1 n − 1 if p = 2, 2 ∤ n + 1 n if p = 1, 2 | n + 1
We have computed so far the dimensions of the vector spaces that appear in the exact sequence (25)
By this dimension computation we see that in the cyclic case there is no contribution from H 1 (Z/pZ, T O (n + 1)) to H 1 (Z/pZ, T O ), i.e., the map
is injective.
We will now study the kernel of the connecting homomorphism δ : H 1 (Z/pZ, M ) → H 2 (Z/pZ, T O (n + 1)).
A derivation a k (v)t k d dt representing a cohomology class in H 1 (Z/pZ, M ) is mapped to
In order to study whether δ(a k (v)t k d dt ) is a 2-coboundary we will use the explicit identification of
in terms of the isomorphism 
This combined with (32) implies that for a k (v) = 0 the class of a k (v)t k maps to the zero class if and only if n+1−k n p−1 = 0, i.e., if and only if the remainder of the division of n+1−k by p is p−1 (recall that w∈Z/pZ w i is zero unless i is a multiple of p−1). Therefore H 1 (Z/pZ, T O ) is the subspace of H 1 (Z/pZ, M ) generated by classes of the form a k (v)t k d dt , where n + 1 − k − p n+1−k p = p − 1. An easy computation shows that this space has the correct dimension. Remark 6.3. If n + 1 < p then the δ-map is the zero map and H 1 (Z/pZ, T O ) = H 1 (Z/pZ, M ).
Explicit cohomology computations for elementary Abelian group.
We consider now the more general case, of H acting on the local field k((t)), where H is an elementary Abelian group of the form H = ⊕ s i=1 Z/pZ. Assume for simplicity that s = 2, i.e., H = Z/pZ × Z/pZ. The inflation-restriction sequence since the extension is split, implies the following decomposition:
The second direct summand H 1 (Z/pZ, T O ) is already computed. We proceed to the computation of the image of the inflation map: Let x 1 be a local uniformizer for the local field k((t)) Z/pZ , and let x 2 be a local uniformizer for the field k((t)) Z/pZ×Z/pZ .
Consider the following short exact sequence: is generated by classes of derivations a ν (v)x ν 1 d dx1 with n + 1 − n+1 p < ν < n and n + 1 − ν − p n+1 p = p − 1. One can inductively proceed to an exact computation for the cohomology groups of elementary abelian groups with more than two direct Z/pZ-summands, but the computation becomes very complicated.
Equivariant deformations of a famous curve. The Fermat curve
F : x n 0 + x n 1 + x n 2 = 0 defined over an algebraically closed field k of characteristic p, such that n−1 = p a is a power of the characteristic is a very special curve. Concerning its automorphism group, the Fermat curve has maximal automorphism group with respect to the genus [15] . Also it leads to Hermitian function fields, that are optimal with respect to the number of F p 2a -rational points and Weil's bound.
It is known that the Fermat curve is totally supersingular, i.e., the Jacobian variety J(F ) of F has p-rank zero, so this curve cannot be studied by the tools of [2] . The group of automorphism of F was computed in [9] to be the projective unitary group G = P GU (3, q 2 ), where q = p a = n − 1. H.Stichtenoth [15, p. 535] proved that in the extension F/F G there are two ramified points P ,Q and one is
